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According to the linearized solutions for thermal 
blooming, the density perturbations become infinite (i.e. 
"catastrophic" defocusing) as the Mach number approaches 
unity. HoweVer, thenonlinearities in the transonic equations 
cutoff the trend to infinity, and the values of the flow 
perturbation quantities are finite. The nonlinear equations 
with heat addition are transformed into simple linear 
algebraic equations through the specification of the 
streamline geometry in the heat release region. At a Mach 
number of unity, streamtube area variation was found to be 
directly proportional to the change in total temperature. 
A steady, two-dimensional mixed flow solution has been found 
for the transonic thermal blooming problem. The solution 
for the density perturbations within a laser beam at a Mach 
number of precisely unity is given. For a Gaussian beam 
with an intensity of 3.333xl07 watts/m2 and an atmospheric 
absorption of 8.0xlO-7 cm- l the maximum fractional density 
perturbation is 1.028xlO-6 • The transonic thermal blooming 
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The optical quality of a propagating laser beam is de-
graded when there are density gradients in the medium. A 
laser beam propagating through an absorbil'lg medium creates 
local changes in the density which affect the index of refrac-
tion of the medium. The~efore, the density gradients will 
refract the light into regions of higher index of refraction 
(higher density) causing defocusing of the beam. This pro-
cess, which is known as thermal blooming, has been studied 
by many authors [Refs. 1, 2, and 3] to determine its effect 
on a laser beam propagating through vario.us media. 
When a laser beam is slued, a complicated coupled pro-
cess of thermal expansion and fluid flow (relative winds) 
takes place. Depending on the rate of sluing, the beam will 
experience subsonic, transonic, and supersonic winds at vari-
ous radial distances from the laser source. The subsonic 
and supers·onic thermal blooming problems have been 
solved [Refs. 4'-8]. A computer program (OlDER) has been 
developed and experimentally verified [Ref. 9] for beam 
interaction with supersonic flows internal to a Gas Dynamic 
Laser. 
A solution for the transonic regime, and, in particular, 
the case when the freestream Mach number is precisely unity, 
has been of considerable interest because the addition of 
heat can lead to extremely strong density -gradients. As 
14 
• 
with the theoretical investigation of transonic flows over 
airfoils and wedges, the linear small perturbation flow 
equations valid for subsonic flow (elliptic equations) and 
supersonic flow (hyperbolic equations) are no longer complete 
in the transonic regime. 
Many authors [Refs. 10 - 15] have studied various methods 
of solving the transonic flow equations without heat addition. 
The assumptions based on known transonic behavior about air-
foils and wedges are used to simplify the governing equations 
and, further, to obtain approximate numerical solutions. 
Often, the assumptions greatly restrict the types of transonic 
flows that can be solved. For example, in the parabolic 
method [Ref. 16], the transonic flow equation is transfortned 
into a parabolic differential equation. Since the solutions 
to parabolic differential equations are well established in 
the literature, this method may be used when the acceleration 
or deceleration is approximately constant in the region of 
interest (i.e. across the cord of many airfoils); however, 
this method is not valid in the region of the stagnation 
point or where the flow acceleration changes sign. 
With heat addition, the)basic flow equations for transonic 
flow become more complicated. Zierep [Ref. 17] has solved 
the case when the Mach number is precisely unity; but, in 
solving the equation, he has reduced the problem to that of 
one dimension. Others [Refs. 18 and 19] have solved the 
nonsteady transonic equation with heat addition; however, 





on (i.e. no steady state solution). Even for the short time 
solutions, extrapolation techniques between the property 
values at the critical points on the subsonic side and the 
supersonic side are employed to obtain the values across 
the transonic regime. Experimental investigations are being 
conducted [Ref. 20] to determine the influence of transonic 
sluing on thermal blooming. These experiments indicate that 
a steady two-dimensional solution is possible. Further 
experimentation will provide better guidelines for a 
theoretical analysis of the problem. 
In this thesis, transonic thermal blooming in steady 
two-dimensional invisid flow is formulated and solved for a 
Gaussian heat release distribution. In particular, it examines 
the problem when the freestream Mach number is precisely 
unity. This is accomplished by using a method developed by 
Broadbent [Refs. 21 - 25] in which the streamlines through-
out the floW' are adjusted in such a manner that the heat 
addition necessary to achieve these streamlines equals the 
required heat distribution and boundary conditions. The 
method is exact since specifying the streamlines reduces 
the nonlinear coupled momentum equations in natural (stream-
line) coordinates to simple algebraic linear difference equa-
tions that can be "marched" through the entire flow field. 
Boundary conditions are the freestream properties upstream 
of the heat release region and those on a bounding stream-
tube sufficiently removed from the heat release region that 








on the bounding streamtube are calculated by methods similar 
to those employed in determining the velocity and pressure 
distributions over airfoils of known shape. Since stagna-
tion points do not exist on the bounding streamtube flow, 
a modification to the method presented by Sprieter and 
Alksne [Ref. 10] for airfoils and wedges was developed. 
In Section II, the theory used in analyzing the transonic 
thermal blooming problem is presented and includes a des-
cription of the assumptions made during the mathematical 
analysis, a summary of the pertinent equations derived in 
the Appendices, and a discussion of the method of solution. 
In Section III, the numerical results for the Mach 1.0 flow 
with a Gaussian heat release distribution are presented. 
Lastly, Section IV gives a brief discussion of the conclu-
sions and of the other methods that show promise in solving 






A laser beam that is slued through the atmosphere at a 
constant rate of n radians per second will experience regions 
of subsonic, transonic, and supersonic flow in planes per-
pendicular to its axis at various radial positions along the 
beam, Fig. 1. The region to be investigated in this paper 
is the transonic region in which mixed subsonic and super-
sonic flow exists, as in contrast to purely subsonic flow or 
supersonic flow, and, in particular, the case when the Mach 
number is precisely unity; that is, at a radial position 
given by Eq. (1) • 
/YRToo 
r = r* = n 
Moo = 1. a 
(1) 
For this analysis, the laser beam is initially of a given 
axial symmetric Gaussian intensity sluing into an isotropic, 
quiescent medium of constant density p(kgm m- 3). Viscosity, 
and thermal conduction are neglected. Justification for 
this assumption is given in Appendix A. The heating effect 
of the laser beam on the medium is approximated by a molecular 
relaxation process which is rapid enough that the absorbed 
energy is instantaneously transformed into heat. The energy 
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FIGURE 1. Flow Regimes Along a Sluing Laser Beam 
• 
where Q (Watts cm- 3) is the time rate of .heat absorbed per 
volume; IO (Watts m- 2) is the beam maximum intensity; 
a (cm- l ) is the absorption coefficient; and the exponential 
of the Gaussian with standard deviation cr (cm) , which is 
related to the spot size of the beam by w = j2 cr, is 
centered at the origin of the x-y coordinate system trans-
verse to the beam axis at r*. 
The theory employed for this investigation separates 
the steady transonic flow with heat addition into two en-
tirely different flow regimes, Fig. 2. The internal, heat 
addition region can be treated exactly by the Broadbent 
method [Ref. 18], in which the nonlinear equations of motion 
and the energy equation are solved numerically in natural 
coordinates. Then, a mesh of streamlines and normals is 
constructed throughout the flow field, Fig. 3., which reduces 
the momentum equations to simple algebraic equations solvable 
for the flow properties. Finally, the mesh of streamlines 
is adjusted until the properties calculated from the linear-
ized momentum equations satisfy the energy equation and 
boundary conditions. Boundary conditions are obtained from 
the external, isentropic flow region by approximating the 
transonic solution over a bounding streamtube to the internal 
region. 
The governing equations in the internal region have been 
derived for flow with heat addition, but without viscosity, 
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22 
-for transonic flow (Appendix A) shows that viscosity, heat 
conduction, and body forces can be neglected to first order. 
The small perturbation, steady two-dimensional transonic 
equation with head addition is written as: 
(1 M 2) th + th M 2 ( +1) th th = 
. - co ""'x'x' 't'yly'- co Y 't'x''t'x'x' 




where the term on the right-hand side is added for flows 
with heat addition; q(x',y') (Joules kgm-l) is the heating 
function; Cp (Joules kgm-l OK-l ) is the heat capacity; 
T (OK) is the freestream static temperature; M is the 
co co 
freestream Mach number; and <p is the nondimensional velocity 
potential. Therefore, in vector notation, the steady state 
equations [Ref. 26] are: 
v· (pU) = 0 ( 4) 
pU·vtJ + Vp = 0 ( 5) 
pU·V(h + ~·U) = Q = Ia (6) 
p = pRT (7) 
where U (m sec-l ) is the velocity; p (newtons'm-2) is the 
static pressure; h (Joules kgm-l) is the enthalpy; and 
R (Joules kgm-l OK) is the universal gas constant. Using 
a two-dimensional natural coordinate system [Ref. 26], 
shown in Fig. 3, the governing equations were derived from 
23 
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the above equations. The momentum equations are represented 
in the following convenient numerical form (Appendix B) • 
An '(. . 1) . 
-, ... , + ~,~+ ,J(p"" _p"'l) = 





-I -, 00 ( , , I I ) 0 
Pi+l,j+l -Pi,j+l + --r- ui +l ,j+l1Ji +l ,j+l + ui+l,jVi+l,j = 
(Sb) 
where An! . is the streamtube width at the i,jth station; 
~,J 
y is the ratio of specific heats; v! )' is the inverse curva-
. ~, 
ture defined as Anl' ,/R; and the prime (') denotes dimension-,J 
less quantities with respect to the freestream values. The 
quantities with a bar and parenthesized subscripts represent 
average values between the indicated stations (i.e. An('. '+1) . l.,1 , J 
is the average streamtube width between station i,j and i+l,j) , 
and the properties with 'the tilde (-) denote perturbation 
values from freestream conditions (i.e. ii, ,-'. = (u. J' -ul . )'». 1-, J 1, , 
The natural coordinates sand n are tangent and normal to 
the streamlines, respectively. Eqs. (Sa) and (Bb) represent 
two nonlinear equations since ul , p', An' and v' are dependent 
variables. However, specifying the streamlines of the flow, 
these equations become linear equations solvable for 
Ui+l,j+l and pi+l,j+l at point e in terms of ui+l,j' pi+l,j 
at point d and G! '+1' p! "+1 at point b, Fig. 3. 1,) 1,) 
... 
The remaining flow properties p! 1 . 1 and T! 1 . 1 can 1+ ,J+ 1+ rJ+ 





equation of state, Eq. (10), derived in Appendix B. How-
ever, the new properties at the point e (i+l;j+l) may not 
satisfy the energy equation, Eq. (11). If it is not satis-
fied, an iteration process is performed by varying the 
streamline distribution and recalculating the properties 
until coincidence exists throughout the entire flow field. 
Hence, the solution of the problem is reduced to finding 
the streamline distribution that satisfies Eqs. (8) through 






( i , i + 1) ,j AS! . +. 1 ~,J 
,2 ) = 
u, '+1 ~,J 
1 2 p~u~(l~(y-l)M~ )y 





Insight into the behavior of the streamlines at the 
sonic speed was obtained from the solution of the linearized 
small perturbation equation with heat addition [Refs. 4-
8]. A computer program (BLOOM) was devised (Appendix G) 
25 
-. 
which gave solutions for a flow very slightly below the sonic 
speed (M~ = 0.999), Figs. 4 and 6, and very slightly above 
the sonic speed (M~ = 1.001), Figs. 5 and 7. Computation 
of the nonlinear term in Eq. (3) from the linear results 
indicate that the linear equations are valid to M~ = 0.9999 
subsonically and M~ = 1.0001 supersonically. From the linear 
solutions, a trend of the streamline shape is obtained in 
the near sonic regime, even if not at sonic conditions. 
Nature usually exhibits a strong propensity to accomplish 
changes in a rather smooth fashion (even a shock wave is a 
smooth change in conditions if viewed microscopically 
enough); thus, a knowledge of flow conditions in the near 
sonic range gives a good clue to the sonic flow behavior. 
In Figs. 4 through 7, the Gaussian heat distribution is 
centered at the origin on the centerline, and the relative 
airflow is from left to right. 
From the appropriate density calculations and plots, 
discussed later in the thesis, it can be seen that the wake 
term becomes less significant compared with the source term, 
which is directly associated with the horizontal velocity 
perturbation, as sonic velocity is approached from either 
direction (i.e. M < 1 and M > 1). Figs. 4 and 5 show the 
horizontal (longitudinal) velocity perturbation at Mach 
numbers of 0.999 and 1.001, respectively. Figs. 6 and 7 
show the vertical (transverse) velocity perturbation at these 
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perturbation, Fig. 4, decreases to a negative valley 
slightly upstream of the laser beam center and then changes 
rapidly to an equal positive peak slightly farther downstream 
of the beam center. The perturbation contours are of very 
small curvature near the beam center; the supersonic per-
turbations, Fig. 5, show a negative valley near the beam 
center with a return to-··freestream conditions-downstream of 
the center. In the supersonic case, the contours are nearly 
normal to the flow throughout, in keeping with the character 
of supersonic flow; whereas, in the subsonic case, the con-
tours are closed, in keeping with subsonic flow behavior. 
The patterns of disturbance, however, appear to be consistent 
as the sonic speed is crossed. 
The vertical or transverse velocity perturbation, Figs. 
6 and 7, show similar behavior in the two speed regimes. 
As expected, the subsonic flow perturbation. profiles are 
closed while those for supersonic flow are open to infinity. 
In both cases, the perturbations exhibit an odd symmetry 
about the main flow centerline. For the subsonic case, the 
perturbations are greater than zero to the left of the rela-
tive flow and less than zero to the right. This is a direct 
indication of the spreading of the streamlines as the heat 
release region is approached by the air flow. Downstream 
of the laser beam, the. streamlines again become parallel 
with the undisturbed flow direction. The supersonic case 
shows the same patterns except that the spreading effect on 
the streamlines is felt infinitely far in the transverse 
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direction, roughly along the characteristic lines from the 
disturbances. 
The effect of spreading of the streamlines as the beam 
is passed, which can be constructed from these plots of 
longitudinal and transverse velocity perturbations, is thus 
seen to be quite similar immediately below and immediately 
above the sonic speed. Fig. 2 is a sketch of the stream-
lines. It is expect~d. therefo~e that the streamline behavior 
at the sonic speed will not vary radically from this pattern. 
Based on the streamline distribution in Fig. 2, the 
following relationship between area change (streamtube width 
variation) and· change in total temperature (heat input) was 




where To is the local total temperature of the flow and a 
is a variable. One dimensional influence coefficients with 
area change and heat addition [Ref. 27], Eq. (14), were 








In order for Eq. (14) to remain finite and to be defined 
at Mach 1.0, G(x) must tend to zero in the limit as the Mach 
number approaches unity. If Eq. (13) is substituted into 
Eq. (14) and the limit taken, it is found that it must be 
zero at precisely Mach 1.0 (Appendix e). Hence, the stream-
tube area change is related to the heat input by Eq. (15). 




. ,~, J 
T' 0 1 . ,J 
( 15) 
where the maximum difference between n! . and n'll ., and T' 
~,J ,J o. . 6 ~,J 
and T' is of the order of 10- and, hence, the freestream 
°l,j 
values can be used in the denominator. Using this approxi-
mation for the streamtubes, an explicit formulation of the 
streamtube shape, at any position s! . along a streaintube, 
~,J 
was obtained (Appendix e) • 
n! 1 = ~(aiii,1+1); i > 1 (16a) 1., 
-
1a I j-1 1 n! . + l.: a ... • + (j i 1, j 2 = 
'2 n i ,l ni ,l+l - '2) ; > > 1.,J l=l -
(16b) 
where for a Gaussian heat input at Mach 1.0 (Appendix e), 






Once the streamtube shape is known, the slope (dy/dx), 
Eq. (17), and the radius of curvature (R), Eq. (18), can 
be calculated at every mesh point throughout the flow • 
v! · = 1,) 
o. . 
J.,) 




, 1m I '+ .A I n'+ l '--2 '+1' - n. . -2un . . = 1,J 1,). 1,)1,J. 
6S! . I 
1,) 
i > .1, 
--'-
j ~ 1 
(17) 
o .. - O. 1 · 
= 1,J 1- ,J 
AS! .(l+o~ .)3/2 
o. · - O. 1 . 
== 1, J 1-, J i 
6S! . i > 1 -'" 
J.,) 1,) 1,J j ~ 1 
(18) 
Therefore, the proportionality between the streamtube 
shape and heat relea·se distribution gives not only an 
explicit formulation for the streamtubes and, hence, linear-
ization of the nonlinear momentum equations but also simul-
taneous agreement between those properties calculated from 
the momentum equations and the energy equation. The problem, 
in the case of precisely M = 1.0 flow, becomes one of 
co 
determining the correct boundary conditions. 
The boundary conditions that are used are those corres-
ponding to freestream conditions (ul' . ,) 
"" 
= p' - P t - T t ~·O) l,j - l,j - l,j - , 
which are far enough upstream that the properties are not 
affected by the perturbation caused by the heat release 
region, and the pressure (p! ,*) and/or velocity (u! ,*) on 
1,) 1,) 
the j*th streamtube which is considered far enough removed 
from the heat release region that the flow can be considered 
isentropic. Eqs. (16b) and (l6c) can be used to determine 
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the streamtube shape and displacement where j = j*. However, 
a more convenient form is derived in Appendix C for a 
Gaussian heat release distribution at Moo = 1.0 which can be 
written as: 
n ' - n' 
.. * 1"* 1.,J ,J 2 ~ (y+l)Ioao' 1T s! ~ = 40 l+erf (-1:.-) fio' ; i ~ 1, j ~ 4.5 
(19) 
and the slope of the bounding streamtube: 
(y+l) I oa)21ro' s1
2 
t' t' 
= exp -:--:-2 = exp - . 2 
4Q 20' j2;o' 20' (20) 
where t' is the maximum growth in the streamtube. 
Since the mass flow is constant in a streamtube, the 
bounding streamtube can be considered as a solid wall simi-
lar to the surface of a wedge with a cusp extending forward 
to the freestream conditions upstream at infinity, Fig. 2. 
By hypothesis, this flow is isentropic and can be treated 
by methods similar to those used in analyzing transonic 
airfoil and wedge flows. In particular, an approximate 
solution is obtained through an iteration process on the 
integral equation derived by Green's functions for small 
disturbance transonic flow similar to that performed by 
Sprieter and Alksne [Ref.ID andll] for thin airfoils and 
wedges but modified for the streamtube configuration which 




in the case of the flow around the bounding streamtube 
enhances the accuracy of ,the approximate numerical tech-
niques because the stagnation point represents a singularity 
in the problem and places added constraints on the method and 
accuracy of the solution in the region of the stagnation 
point. In this method, the quadratic, nonlinear nature of 
the governing equations is retained which precludes shock-
free supercritical flows in the transonic regime. 
The integral equation for transonic flow is derived by 
a Green's function analysis on the small perturbation 
transonic equation without heat addition, Eq. (3) without 
the right-hand side, resulting in Eq. (21). 
where 
M 2 (y+l) i.i' (x, 0) 
uw(x,O) 00 = 
a2 
1 00 dZ dS 




I J E(S -' ~) = b b 
-00 




















and the normalized variables are defined in Appendix D • 
Eq. (21) is a function only of X, the normalized coordinate 
along the wall surface, and T, the normalized amplitude of 
the wall slope, given by: 
(2Sa) 
where 
-T == (2Sb) 
The iteration technique (Appendix D) is performed for 
various subsonic freestream Mach numbers starting at the 
initial supercritical flow and proceeding toward the Mach 
1.0 flow. Each solution obtained by the iteration technique 
gives a unique T, which determines the freestream Mach number 
and its corresponding normalized velocity distribution 
~(x,O) along the- surface. If (uw-l) versus T2/3 is plotted 
for each position along the surface, it is found that as 
the freestream Mach number tends toward unity the slope 
becomes constant.· This corresponds to the phenomenon of the 
Mach number freeze [Ref. 26] wherein the local Mach number 
is invariant with changes in the freestream Mach number 
when the latter is near unity or, more precisely, 
dM 
dMoo M =1 
00 
= 0 ( 26) 
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• 
Vincenti and Wagoner [Ref. 28], Liepmann and Bryson [Refs. 
29 and 30], and others have shown that the corresponding 
approximate relation yielded by the small-disturbance 
transonic theory is given by: 
~ = 0 dt 







The freeze of Mach number extends over a finite range near 
Mach 1.0 where it is constant. Hence, t, the slope of the 
(ll-l) versus T curve at each location X, is constant-near 
the sonic condition, and the local Mach number at each 
position can be calculated by Eq. (28). With the local 
Mach number distribution known, the velocity perturbation 
can be calculated from Eq. (22), and the other flow proper-
ties can be determined from isentropic flow relations [Ref. 
27]. 
The Mach 1.0 flow is completely specified. Boundary 
conditions are known upstream of the heat release region 
and on a bounding streamtube. Calculation of the entire 
flow field is readily calculated from the simple algebraic 
equations obtained by Broadbent's method, where the stream-




III. NUMERICAL RESULTS 
The computed flow properties are for the Mach 1.0 thermal 
blooming problem with the characteristics listed in Table I. 
Gaussian Beam 
Peak Intensity (Io) 
Standard Deviation (0) 






Velocity (u =a*) 
~ 
Streamtube Width 
(llnl , j =llnoo) 










Ratio of Specific Heats (y) 1.4 
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... 
The first step in the procedure is to determine the 
boundary conditions for the heat release region. Far up-
stream of the heat release region, all the dimensionless 
perturbation quantities are zero. The other boundary con-
ditions are calculated by Sprieter's method [Ref. 10] for 
the bounding streamtube, the shape of which depends upon 
the heat release distribution and is known, Eq. (16). 
Using Sprieter's numerical iteration procedure on the 
transonic flow integral equation, Eq.(2l), the normalized 
velocity distribution along the bounding streamtube was 
obtained for several freestream Mach numbers between the 
initial supercritical flow and Mach 1.0. The results are 
graphed in Fig. 8. From these solutions, a (ll-l) versus 
-:r2/3 curve, Fig. 9, was plotted for several positions along 
the streamtube. The results indicate that the slope (;) 
is constant for each position and, hence, the Mach number 
can be considered frozen. 
From the values of ;Cm, the local Mach number variation 
at a freestream Mach number of unity was calculated from 
Eq. (2-8) , since ; is known and constant for the known 
physical streamtube shape, Eq. (30), from Eq. (D6). 
"[' = 
where 
t = 1.386 x 10-6 
J21f' C1 





(a) Shock Wave at x = 9.5 
-10 






\ 10 15 20 x 
lie of Gaussian beam 
----~---+-----1~O--~----~--~~~1~O--~15----2~O---- x 
(c) Sr.ock Wave at x = 14.5 
-----~--~----+__+~----~--~4_~----~--~---- X 
10 15 20 
(d) Shock tvave at x = 19.5 
----~--~----.--+~----~--~4-~----1~5----2~0~-- x 
(e) Shock Wave at x= 24.5 
-15 -lQ 10 15 20 























: (8.5) ~-:-~~~~.:.-:-.-:-..:-_.:.::. (7.5) 
--- (6.5) 
• 
L~ ____ ~======~======::::::==::::==~(5:.~5)'T2/3 
_ .... __ .--_ ........ ..0-.--.......--------.-. (4.5) 










-=-__ ~ ______ ~==- (-14.5) 
-- '- (-2.5) 
---==---: :0........-.= ~:: :~l 
*Note: Nunber in parentheses represents x J?OSitionS-6•S) 
FIGURE 9. Mach Number Freeze; = Constant for 




is the maximum growth of the bounding streamtube. 
Once the local Mach number was determined, the velocity 
perturbation along the bounding streamtube was calculated 
from Eq. (22) and is plotted in Fig. 10. The remaining 
flow properties were calculated by the isentropic flow 
relations [Ref. 2'1]. 
It has been shown that the area change of the stream-
tubes in the heat addition region is directly proportional 
to the change in total temperature; that is, e = 0 in 
Eq. (13). The energy equation is automatically satisfied 
by this selection for the area variation. Since the heat 
release distribution is known, all of the streamtubes are 
specified. From the streamtube shape, the radius of curva-
ture of the streamlines.;:were. calculated at every point 
throughout the region, Eq. (18). 
With the curvature known, the calculation of the flow 
properties in the heat region is reduced to the solution 
of two simple linear algebraic equations, Eqs. (8a) and 
(8b), the momentum equations in ~aturalcoordinates. The 
results of this "marching" technique are shown in Fig. 11 
where the density perturbations in the upper half of the 
symmetric laser beam are presented. This method has the 
distinct advantage that it can be solved on an HP 9830 
computer. 
Figs. 12 and 13 show the linear supersonic and subsonic 
density perturbation solutions calculated from the computer 
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presented in Fig. 10 at Mach 1.0 are consistent with a 
continuous transition through the transonic regime. Although 
the solution calculated is for precisely Mach 1.0, it can 
be logically hypothesized that the flow behavior through 
the transonic regime is as shown graphically in Fig. 14. 
The linear supersonic and subsonic solutions, and 
Sprieter's high subsonic solutions are in excellent agree-
ment with this hypothesis as well as that conjectured from 
the hodograph plane representation for transonic flow 
(Appendix E). Therefore, there is a steady, two-dimensional 
solution for the transonic thermal blooming problem which 
is finite and does not result in "catastrophic" defocusing 





It has been demonstrated that there is a two-dimensional 
steady state solution to the transonic thermal blooming 
problem for a,sluing laser beam with a freestream Mach number 
of px-ecisely unity. According to the linearized solutions 
for thermal blooming, the density perturbations become 
infinite as a Mach\ number of unity is approached.· Due to 
nonlinear effects the trend to infinity is cutoff, and the 
finite value of perturbation quantities has been established. 
In obtaining the solution, it was found that at precisely 
Mach 1.0 that the streamtube area variation through the heat 
release region is directly proportional to the change in 
total temperature in that region. With the streamtube 
shapes known, an exact solution for the flow field can be 
obtained by Broadbent's method [Ref. 21] with the corres-
ponding boundary values for Mach 1.0 isentropic flow far 
from the heat release region. There are no restrictions on 
the existence of shock waves nor on the symmetry or asymmetry 
of the heat release distribution, provided the bounding 
streamtube in the isentropic region and the boundary 
conditions on·it can be calculated. 
Furthermore, in obtaining the solution at precisely 
Mach 1.0, it was found that shock waves exist throughout 
the transonic regime', Fig. 14. As the sonic condition is 
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downstream lIe (one spot size) size, of the Gaussian heat 
release distribution, where the local Mach number first 
becomes sonic, and rapidly moves downstream to infinity. 
If the sonic speed is approached supersonically, a shock 
is formed at the beam center. To be consistent with the 
results in the subsonic portion of the transonic regime, 
it has been hypothesized that the shock moves rapidly up-
stream to infinity. Finally, the analysis in Appendix ~ 
indicates that there is a minimum laser sluing rate that 
must be maintained to preclude significant phase distortion 
in the beam at Mach 1.0. 
The results of the Mach 1.0 thermal blooming problem 
for a Gaussian intensity distribution are in excellent 
agreement with the approximate results obtained by Ellinwood 
and Mirels [Ref. 191. Fig. lSa shows these results where 
the maximum density perturbation was calculated to be of 





, ( 31) 
where r is the radius (spot size) of a circular beam of 
uniform heating intensity (IoCX). This approximation, when 
applied to the Gaussian beam of Section 111,0 gives a maximum 
density perturbation of the order of 10-4 which is consistent 
with that obtained in this paper, and shown in Fig. lSb. 
Although the density perturbations are very small (i.e. 
measured in parts per million), significant optical defocusing 
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.. of the laser beam could result (Appendix F). With an 
increase in the beam area due to defocusing, a large decrease 
in the beam intensity I (watts/m2) will occur. 
Two other methods that show promise in solving the tran-
sonic thermal blooming problem are the finite difference 
method developed by Murman and Cole [Ref. 12] for isentropic 
transonic flow which can be extended to include heat addi-
tion, and the "finite element method" of solving partial 
differential equations [Ref. 31] which is a powerful method 
for solving a wide range of engineering problems. 
A Mach 1.0, steady state solution for thermal blooming 
in a laser beam with a given Gaussian heat release distribution 
has been presented in this thesis, Fig. 11. Subsequent inves-
tigations should be performed to ascertain the Mach 1.0 
solutions for various Gaussian and non-Gaussian heat release 
distributions, beam intensities (I), atmospheric absorption 
coefficients (a), and freestream flow properties. In this 
manner, a correlation might be developed that would be use-
ful as an engineering approximation to the density perturba-
tions at various transonic Mach numbers, vice a simple order 
of magnitude linear extrapolation as presented by Ellinwood 
and Mirels [Ref. 19]. Although solutions are known at Mach 
1.0 and in the linear subsonic and supersonic regions, from 
the computer program BLOOM, it would be premature to estab-
lish a criterion that could be used in estimating transonic 
behavior in general before additional work is completed. 
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APPENDIX A 
DERIVATION OF STEADY TRANSONIC FLOW 
FOR A CONDUCTING GAS WITH HEAT ADDITION 
Eqs. (AI) through (A4) govern steady compressible flow 
with heat addition and constant properties [Ref. 32]. These 
equations include viscosity and heat conduction. The 
distribution of the heat addition is given by the function 
Qof{x,y) and is assumed known. The gas flow is assumed 
uniform at infinity (x = ±~). 
V· (pU) = 0 (Al) 
pu· vlJ + vp = '" (A2) 
where 
pTU·VS = - ~- V·q (A3) 
where 
and 
2 2 Vp = pa vs/Cp + a Vp (A4a) 
or 
s-s 








The following dimensionless variables are defined: 
x' = x/il y' = y/i2 
P' = P/Pe» T' = T/Te» U' = U!Ue» 
S· = s/eve» nl = n/ne» = 1 KI = K/KQC) = 1 
where il and i2 are characteristic lengths in the x andy 
directions, respectively, and the reference values are the 
freestream conditions. substituting the dimensionless 
variables into Eqs. (Al) through (A4) and eliminating the 
pressure term in the momentum equation, Eq. (A2), with the 
equation of state, Eq. (A4), the equations simplify to the 
following: 
P 1\/. • U' + U'· \/ ' • P' = 0 
(V'XU,)2 - 2(U,.v,2U')} 
Y",2T , 2 + + y(y-l)M_ H_f(x,y) RePr -- --
where the dimensionless ratios are defined as follows: 
Reynolds number: Re = Pe»Ue» il/ne» 
Mach number: M = U /{yRT e» e» 
Prandtl number: Pr = Cp ne»/Ke» e» 3 Heat quantity: H = Qoil/pe»Ue» e» 







For flows in which conduction and viscosity can be 
neglected, two flows will be dynamically similar when y, 
M~ (Mach number in the absence of heat addition) . and H~ 
are the same. 
Retaining the viscous, conduction, and heat addition 
terms, the governing equations, Eqs. (AS) through(A7), in 
two-dimensions become: 
t dU' dV' a,,· dpt p (aiT + L ayr) + u' d~' + Lv' ayr 
x-direction momentum equation: 
dU' dU' p' (u' axr + Lv' ay') = -
y-direction momentum equation: 
dV' dV' 
p' (u I aiT + Lv' dY') 
energy equation: 
~s' ~s' 




= o (AS) 
(AlO) 
[j {( ~~:) 2 _ L ~~:~;: 
+ d
2
V' } + (dV ' + L dU ')2] +....::l- (d 2T' + L2 d2T') 
dy,2 ax' ay~ RePr ax,2 ~ 






Since the transonic flow region is of interest, a 
transonic expansion procedure similar to that used for 
incompressiple flow around an airfoil of thickness ratio L 
[Ref. 33] will be used. In the following analysis, the 
heat addition will cause the perturbations from the free-
stream conditions. Introducing the following perturbation 
quantities: 
u· = 1 + 2/3 -, + 4/3 -, . v' = €v· € ul £ u2 , 1 
p , 
= 1 + €2/3 -, + €4/3 -, T' = 1 + £2/3 T' + £4/3 Pl P2 1 
s' = 1 + 4/3 -, . liRe 0(£) . H _0(€4/3) ; € s2 , , 00 
II = 1 . l2 = -1/3 ; L = £1/3 , € 
the first and second order equations at Moo = 1.0 become: 
First order equations: 
aui opi 




oy' = 0 (A13) 
aT' oui 1 (y-l) 0 axr + ox' = (A14) 
Integrating Eq. (A12) gives ui = -pi which, when substituted 
into Eq. (A13), illustrates that for first order theory the 






Finally, Eq. (Al4) gives the temperature distribution as: 
'i = (y-l) ~i = -(y-l) ar (A16) 
Second order equations: 
aui aui avi ap2 a-i 
p' u' PI'.:. 0 (Al7) ax' + 1 ax' + ayr+ ax' + 1 rxr = 
aui aai aai a-I api 
u' p' I 
P2 T' ax' + 1 ax' + I ax' = - ~ (axr + I axr) ClO 
I asi 4e;l/3 a
2
-. UI 
--:-:-2 ~ + 3 ~ (Al8) yM ax ClO 
avi avi I ... api api pi ax' + u' ax'= - :-:2 (T' ay' + ay I) 1 I MClO I 





--1. + y (y-I) f(x,y) axr = a 12 ClO 
X " 
(A20) 
Combining Eqs. (Al7) through (A19) and using Eqs. (Al2) and 





The first term on the right-hand side of Eq. (A2l) 
represents the effect of viscosity, the second term the 
conduction, and the last the heat addition. As can be seen, 
both the viscous and conduction terms contain a El / 3 term 
when the Reynolds number is of the order of· E- l , and, hence, 
are small and can be neglected under most circumstances. 
If, however, the R§lynolds number is of the order of €-2/3 
or smaller, both terms become important and must be retained 
in the perturbation equation. Since to first order the flow 
is irrotational, the velocity potentials ui = a~/ax' and 
vi = a~/ayt can be introduced into Eq. (A2l) giving: 
+ (y-l) f(x',E- l / 3y') (A22) 
A similar ana.lysis can be carried out for a freestream 
Mach number close to unity. In this case, the freestream 
Mach number can be approximated by MClC) = 1 + Kg2/3 and the 
transonic expansion gives: 
= (3Y+l)E l / 3 
3 <Px'x'x' 







BRIEF DEVELOPMENT OF BROADBENT'S METHOD OF 
SOLVING NONLINEAR EQUATIONS OF MOTION WITH 
HEAT ADDITION 
Broadbent's method [Ref. 24] is an inverse solution in 
which the streamlines, normals, and boundary conditions 
along at least one streamline and normal are specified and 
the resulting flow field calculated. 
The governing equations for this derivation are as 
follows: 
V· (pU'> = 0 
pU·V'U + Vp = 0 
p = pRT 
In natural coordinates [Ref. 26], these equations 
become: 
a as (puLln) = 0 
pu au + ].£ = 0 
as as . 
_p u













A mesh is constructed over the flow field using stream-
lines and normals which are chosen in advance as in Fig. 3. 
The cells specify the streamtube boundaries arid the mesh 
lines the streamline slope and curvature throughout the 
flow field. With the mesh specified, Eqs. (BS) through (B7) 
are nondimensionalized using uniform freestream flow 
properties (ul , j I Pl, j' P.J., j' and T1 , j)' a constant uniform 
streamtube width upstream of the perturbations (~ni,j) and 
constant Cp. 
I u l An' = 1 p. . · · u • • l.,] l.,] l.,] (B9) 
il l U~I = -i+l , j+l - i, j+l 
A""I 
Un(i,i+l),j ( .... , -') 
2 Pi+l,j+l - Pi,j+l 
.... , .... I 
Pi+l, j+l - Pi+l, j = -
yMoo 
1 M 2( • , 2 y 00 ui +l ,j+lvi+l , j+l 
+ u!+l .v!+l .) l. I] l. I] 
( I a~n i) (i, i + 1) , j 
= Q 6s! . +1 = Q! . +1 
00 l.,) lo,] 
P ! . = p! . RT ! . 





where Qoo is a freestream heat quantity defined in Eq. (12); 
Q! '+1 is a dimensionless heating term; and v! , is a 
l.,] l.,] 
dimensionless inverse radius of curYature. 
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The slope (dy/dx) and the radius of curvature (R) of 
the streamlines at a point b (i+l,j) are shown geometrically 
in Figs. 3. Due to the symmetry of the problem, the slope 
and the curvature of the centerline streamline are zero 
(i.e. for all stations ill and j = 1). Assuming that 
~y. . = An. . and ~x. . ;; ~s. . (i.e. to first order the 1,J 1,J 1,J 1,J 
mesh is rectangular), and that the streamline shape is 
known explicitly, the slope in finite difference form is 
expressed as: 
n!+l- .-l/26n!+1 . - n! . + 1/2 6n! ~ 
= l. _,J _ l.,J l.,J l.,J 
AS! . 1,J 
(B13a) 
or: 
. 1 . 1 
1 - J- - 1 - 1 - J- - 1 
_ ~2 n!+l I + L lul!+l 1-~2 !+l' -~2 ! 1 - L lul! . +';:&2 ,n! . ]. , i=l l., ~,J 1, i=l 1,J 1,J 
0-:· .'. ;: -------------------------l., J 
where 
n! 1 l., = 1,A' = 2~ni,1 
AS! . l.,J (B13b) 
(B14a) 
j-l j-l 
n ' .. - h¥\, + ~ A¥\I -h;, . ~ -, (. 1,. . 1 (B14b) 
- ~.I.' 1 t.. U,I,.I.. 1+1-~.I.· 1 + t.. lul. 1+1 + J - -2'/ , 1 ~ , l.,J l., ~l l., 1, l=l l., 
j ~ 2 
The inverse of the radius of curvature (v) is defined in 






By nondimensionalizing and substituting the slope obtained 
in Eqs. (B13a) or (B13b) into Eq. (B15), the following 
finite difference equation is obtained: 
(0. .. - o. 1 .. ) l.,) l.- ,J 
Anl .. AS! · Vi = ,J = 1,J 
i, j R (l + (<5. • ) 2) 3/2 
l.,J 
(Bl6) 
Because the magnitude of the slope o .. is never greater 1,) 
than 10-6 , it can be neglected in the denominator simplifying 
the expression for the curvature. Substituting Eq. (B13b) 
into Eq. (Bl6) and retaining only terms of first order, the 
curvature becomes 
[ 
1 - j-l _ 1 _ _ j-l_ 
v I: = .;80 f. + I: 8n' -~ , - An' - 2 I: 6n ' i,j 2 i+l,l t=l i+l,1 2 i+l,j i,l < t=l i,l 
(B17) 
·1 ] - 1 - )- - 1 - 2 
+ An! . +.;802 ! 1 1+ I: LID! 1 1-~2 ! 1· I(As! .) 
,l.,) 1-, t=l 1-, 1- ,) 1,). 
If the mesh is not specified, Eqs. (B9) through (B12) 
represent five equations in five unknowns and are nonlinear 
since An', p' and u' are dependent functions. When the 
streamttibe shapes are specified, An' and the curvature v' 
are known quantities and the equations become linear in p' 
and u'. Therefore, Eqs. (B10a) and (BlOb) represent two 





throughout the flow field, provided suitable boundary condi-
tions are known. For example, if the values of p' and u' 
are known at points a (i,j), b (i+l,j} and d (i,j+l) in Fig • 
3, the pressure and velocity perturbations can be calculated 
algebraically at point e (i+l,j+l). This procedure is con-
tinued ("marched") throughout the mesh until all flow pro-
perties have been determined. 
The remaining flow properties, density, and temperature 
are then calculated from Eqs. (B9) and (Bl2), the continuity 
equation and equation of state. Once this has been accom-
plished, the energy equation, Eq. (Bll), is checked to see 
if the properties calculated from the specified streamline 
shapes agree with the de.sired heat distribution. If it does 
not coincide, an iteration procedure is performed in' which the,,'. 
streamline shapes are varied until agreement is obtained. 
Boundary conditions are needed along at least one stream-
line (usually a wall) and one normal (usually freestream 
conditions). In the transonic thermal blooming problem, the 
boundary values are chosen as the unperturbed freestream 
properties upstream of the heat release region and the 
velocity or pressure on a bounding streamtube which is far 
enough away from the heat release region that it can be 
considered isentropic, Fig. 2. With the pressure and/or 
velocity known on two of the boundaries, the solution for 
all the flow properties can be calculated as mentioned pre-





in the flow field, the resulting properties from the 
"marching" procedure must agree with it or the specified 
streamtube configuration must be altered until coincidence 
between the boundary conditions and heat distribution is 







DERIVATION FOR THE RELATION BETWEEN AREA 
VARIATION AND HEAT ADDITION AT PRECISELY 
MACH 1. 0 FLOW 
AREA CHANGE WITH HEAT ADDITION AT THE SONIC POINT 
From the influence coefficients for constant specific 
heat and molecular weight [Ref. 27], the change in Mach 
number with heat addition and area variation is given by: 
dM2 G(x) 
dx = 1-M2 (C1a) 
where 
d(lnTO)/dx and d(lnA)/dx are assumed to be functions of x, 
the streamwise coordinate, and dx is always positive. Based 
on the relation between streamline shape and total temperature 
change obtained from the linear subsonic flow and supersonic 
flow, Figs. 4 through 7, the following relationship between 
area variation and total temperature change (heat addition) 
is chosen: 




e is a variable providing an additional degree of freedom 
in determining the relationship at Mach 1.0. Substituting 
Eq. (C2) into ~q. (Clb), G(x) simplifies to: 
G(x) 2 1 2 2 d(ln To> = M (l+'2(y-l)M ) «M -1) y - (y+l) f3) dx • (C3) 
Since the denominator of Eq. (Cla) tends to zero in 
the limit as the Mach number approaches unity, the numerator 
must go to zero to permit a continuous passage from subsonic 
to supersonic speeds (or vice versa). The condition, when 
G(x) passes through zero simultaneously with the Mach number 
becoming unity, is designated the critical point G(x) and, 
from Eq. (C3), is equal to: 
lim G(x) 
M-+l 
_ G* (x) (C4) 
Hence, for heat addition -d(ln To)/dx > 0, f3 must equal 
zero or, equivalently, the area change is directly propor-
tional to the heat addition (i.e. change in total tempera-
ture) for steady flow from Mach 1.0, Eq. (CS) is: 
d(ln A) = 1 d(ln To) 
dx '2(y+l) ..... d-x--- (CS) 
At the critical point, dM2/dx is of the indeterminate 
form 0/0. Therefore, the limiting value of dM2/dx at the 
. 
critical point is found by applying L'Hospital's Rule to the 
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right-hand side of Eq. (CIa). 
2 2 
lim ~ = (dMdx ) * = M+ldx 
or, equivalently, 
2 





Eq. (C6b) suggests that (dM2/dx)* can be positive or negative 
and the flow can become either subsonic or supersonic from 
the sonic point. The requirements on S follow from Eq. (C6b) 
where G(x) is given by Eq. (C3). 
(dG) * dx 
dG 1 
[ 
d Q dM2 ] d(ln To) 
= lim -- = -2(y+l) -(y+l) (--~)* + y(---) * M+I dx dx dx dx 
6=0 (C7) 
Thus, at the critical point, the flow may be continuous 
through the sonic speed provided (dG/dx)* is negative and 
is not zero. For heat addition, Eq. (C7) can be solved for 
the critical value of (dS/dx)*, Eq. (C8): 
2 (~xS) * > y (~) * 
ux y + 1 dx (C8) 
and is graphed in Fig. lC. 
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Allowable Solutions for 
Heat Addition d 1n (To) Idx > 0 Slope y/(y+l) 
------------------~~------------------~~ (: ~* 
..... - ....... Supersonic 
Allowable Solutions for 
Cooling d ln (~o) Idx < 0 
FIGURE IC. a Variation versus Mach Number Variation 
for Sonic Flow 
From the sonic flow condition, {3 must be positive for 
supersonic flow and can be either positive or negative 
for subsonic flow. The change in a with Mach number squared 
must be greater than y/(y+l) for either flow condition, 
supersonic or subsonic. 
In conclusion, for sonic flow the area· variation is 
directly proportional to the change in total temperature, 
Eq. (CS), where the change of a from the sonic point must 
satisfy Eq. (Ca). 
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2. STREAMLINE CONFIGURATION FOR MACH 1.0 FLOW WITH A 
GAUSSIAN HEAT INPUT DISTRIBUTION 
! 
In the first part of this Appendix the streamttibe area 
change was shown to be directly proportional to the change 
in total temperature at precisely Moo = 1.0; see Eq. (CS). 
To derive an expression for the change in total temperature, 




) = Q = 10. (C9) 
J 
in terms of the total temperature To. Assuming a constant 
Cp and a Gaussian heat intensity distribution in the form 
given in Eq. (2), Eq. (C9) becomes: 
dT 0.. I a. 
1, J = ~_o....--_ 
T 2 Qoonl' .. 
0 1 . ,J ,J 




exp - ~ dy' exp -
20' 
s .,2 
1 ds! ;;;72 1. 
(CIa) 
where n~ . represents the total displacement of the jth 1,J 
streamtube from the centeJ;line' (-j=l) , and qQO_' defined by 
Eq. (12), is evaluated at Moo = .1.0 •. 
Equation (CIa) is now substituted into Eq. (C9) to give 
an expression for a change in total streamttibe growth over 
a streamline distance ~si at Moo = 1.0. 
n! . 
,2 
dn! . 1,J ,2 (r+l) 10. s· 1,J f ~dY 1 ds! n! . = ,4Q n" · exp - exp - 20,2 1 1.,J 00 1, J 20' 
-n' i,j (Cll) 
70 
I. 
or more conveniently for computational purposes: 
and 
~n'. 1 ~,~ ,2 J s! 2 
I a 
== i(Y+l) ...E..... exp Qco 
f exp-·.·~ dy' exp - ~ ds! 
20 ' 20 ' 1 
s.2 
~ ds' ; i~l, j=l 20·' ~ .. ~.l (C12a) 
I a 
dnl, j = dnl, 1 + }('V+ll Q~ 
(21+1) 6n. () /2 
~,N 
f 
- (21-1) (~n. 1)/2) 
,2 ] s!2 ~ 1 d' exp -. dy exp - ---z si 
20,2 20' 
~,N 
(16n! 1)2 s!2 I a. 
= dn! 1 + 21 (Y+1) QO ~, co 
j~l 
I.. exp- 1,)(,1 exp - ~ ds! 20,2 20'~ - ~ 
(C12b) 
for streamtubes off of the centerline (j > 1). Equations 
(C12a) and (C12b) can be integrated to give an expression 
for the total streamtube perturbation from its initial 
width n1' · as: ,] 
1\ -, 
un. 1 ~, 
2 
I a/2 1T 
- ~(Y+1) _0 __ _ 
Qco 
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{ s! } l+erf~ 12 a' ; i ~ 1 
(C13a) 
, 
n ' - n' .. 1· 1, J , J 
j-1 
= 1 A..... + ~ 2' un i ,l L 1=1 
1 ~ .... , + ~ (y+1) I oexl2' a' .... 2' ni,j Qeo 
j-1 s! 12 
L (1 + erf exp - 2a;2 1=1 
J. ) 
12 0" 
. , i..::.l, j>l • 
<e13b) 
An alternate form of Eqs. (C13a) and IC13b) which can be 
used in Eqs. (B13a) and (B13b) to simplify the expressions 
for the slope and the radius of curvature of the streamlines 
is as follows: 
(y+l)/2 0" I ex 2 { S'} ~fi! . = 2 0 exp (- (j -1 ~) . 1 + erf 2~ • ; 
J.,J Qeo 20" 
i~l, j~l 
where it has been assumed throughout that the initial 
streamtube widths are uniform; that is, ~nl' . = 1 or 
,J 
~~l' . = 0 ~or all j. 
,J 
(C14) 
An expression for a streamtube, which is far enough from 
the heat release region that it can be considered isentropic, 
is now derived. Carrying out the integration over y' in 
Eq. (C12a) and assuming that n! . > 40" an expression for 
. J., J 
the slope of the bounding streamtube is obtained: 
dn! . * (y+l) I oexl!1f d J.,J ______ ~----__ 
d i - 4Q 
si, j * eo 
s!2 
J. 





Integrating Eq. (C1S) with respect to ds! gives an explicit 
l. 
equation for the bounding streamtube perturbation from its 
initial position n11 e* as: 
,J 
n' - n' l." ,.J" * 1 J" , 
1 j*-l 
= 2 ~fi! 1+ I 6fi1,1+1 
l., 1=1 
s! (y+1)I ao l2 
o 
= ---~--4Q()O 
l. (1 + erf i.J") 






• INTEGRAL EQUATION DERIVATION FOR TREATING 
, 
SMALL DISTURBANCE TRANSONIC FLOW WITH SHOCKS 
FOR AN INFINITE WALL WITH GAUSSIAN SLOPE 
1. GENERAL DERIVATION OF INTEGRAL EQUATION 
In this appendix, an integral equation is derived for 
the small disturbanc:e transonic flow with shocks on an 
infinite wall with Gaussian slope. The small perturbation, 
steady, two-dimensional transonic equation without heat 
addition can be written as: 
2 (l-M ) <Px'x' + <py'y' 2 2 = (l-Moo -Moo (y+l) <p x ') <Px'x' + <PY'y' = 0 
(01) 
where the local Mach number is approximated by the freestream 
Mach number plus a perturbation quantity (Moo2 (Y+l)<px '). 
Equation (01) is valid only in regions where the necessary 
derivatives exist and are continuous. Therefore, the integral 
equation derivation includes an equation for the transition 
through a shock; the equation is the classical relation for 
the shock polar [Ref. 34], Eq. (02). 
u~~ 2 
v· 2 (u' _u , )2 - a' = (02) b a b 2u,2 
a 2 
y + 1 - u~~ + at 
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where subscripts a and b refer to conditions ahead of and 
behind the shock. If a small perturbation analysis is 
carried out on Eq. (D2) similar to that performed in 
obtaining Eq. (Dl), the following relation is fourid for 
the perturbation velocity components across the shock wave: 
( 1-M2 ). (u' - U • ) 2 + (-' - • ) 2 ab va-vb = M 2(Y+l) (u' +u') (li' - u') 2/2 .-;:,0 a b a . b 
(D3) 
Equation (D3) corresponds to the shock polar curve for 
shock waves of small strength that are inclined at any angle 
between that of normal shock waves and that of the Mach lines. 
The applicable boundary conditions for the integral 
equation analysis are that the perturbation velocity must 
vanish far upstream of the disturbance, Eq. (D4): 
x=-oo 
0<1> 
= oy' = o 
x=-oo 
and that the flow must be tangent to the wall surface, 
Eq. (DS): 
a <I> I ryr 
y'=O 
oZ' _ ani .* = ___ ,J 








where oZ'/ox' is the slope of the wall surface in the x' (s') 
direction which can be approximated by Eq. (C1S); and l' is an 
equivalent thickness ratio for the surface defined as the 
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t 
maximum wall growth t (em) in the y-direction divided by a 
characteristic length 121T a for MClO= 1.0. 








Also, it is necessary to prescribe that the direct influence 
of a disturbance in the supersonic region proceeds only in 
the downstream direction. 
Sprieter and Alksne [Ref. 10] derive in detail the 
integral equation by a Green's function analysis for transonic 
flow around bodies having subsonic freestream velocities, and 
a local shock discontinuity. The nonlinear term in the 
differential equation was maintained. This derivation can by 
extended to the streamtube configuration of the boundary 
condition for the internal region. For the sake of brevity, 
only the important equations and pertinent assumptions will 
be given in the following analysis. 
Since the object of the analysis is to determine the 
pressure perturbation and/or velocity perturbation on the 
bounding streamtube, an equivalent equation for the velocity 
perturbation can be readily obtained by differentiating 
Eq. (Dl) with respect to Xl; it is: 
+ u', , y y 
2 ,:\2 -,2 







For the Green's function analysis, it is advantageous to 
normalize Eq. (D7) with the following linear transformation: 





where u can further be defined by the approximation to the 
local Mach number, Eq. (Dl), namely M2 == Moo 2 (1 + (y+l) u), as: 
M"" 2 (y+l) il' M2 M 2 -00 00 (D1O) u = 2 = 2 1 - M 1 --M 00 00 
From Eq. (D10), it is clear that for a subsonic freestream 
Mach number: u < 1 when the local flow is subsonic, u = 1 
when it is sonic, and u > 1 when it is supersonic. 
The Green's function analysis is a Neuman problem for 
finding a function u in a bounded region R, bounded by a 
finite number of closed smooth contours C, such that Eq. (D9) 
is satisfied in R, u and its first partial derivative are 
continuous in R (shocks are excluded by judicious selection 
of the bounding contour) and the normal derivative au!ay 


















\ / / \ 
/ C1 ____ ~=-I=::.=:.r.r:-==-==-==-=::..=-==--=-=;;:.l -~------- ..... .-~ 
-o ~__________________ -+-+~~-----e-----------+-x 
FIGURE 10. Integration Region for Green's Function Analysis 
on Flows Past Bounding Streamtubes at 
Transonic Speeds 
Green's theorem states that: 
f (u~G·n-GVu·n) de = f f (u~2G - Gv2il) dR 
c R 
(Dll) 
where the directional derivative on the left side are 
taken along the normal, drawn inward, to the curve C. 
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The Green's function G is constructed so that it satisfies 
the Laplace equation V2G = o (;-x,n-Y+Yo) with aG/an = 0 on Cl • 
r G(~'n'x,y-yo) = ~ In(~) - 2l1T In(R) 21T r 2 (D12) 
where 
R = I(X-f.> 2 + (Y-Yo -ii> 2 
!(X-t> 2 + (Y+Yo +ii> 2 
and ~ and n are the variables of integration while x and y 
are the coordinates of a· point P. With the Green's function 
of Eq. (012), Eq. (011) becomes: 
= 
co - aU' G f (G au - u aG) I d~ - f (G - - u ~) I. dn 




(G au _ U aGI an an x=x b 
(Gd-U - u~) de 
an an 
where the respective integration regions and contours are 
designated in Fig. 10. Integrating the remaining surface 
integral by parts twice with respect to ~, applying the 
Green's function boundary condition on Cl (n=O or Y=Yo)' 




f {[ a - 1-2 -' ·G - (u -- u ) 
. -a~- 2 
s . 
+ [[G au - U ,2.§.-J 
an an a 
(- 1 -2) OGJ u-'2 u - . 
o~ a 
u 2E.] l 
an ~ 
cos (n, Tn 
cos (n,~) 
(D14) 
where uLW represents the linear wall velocity u when the 
wall shape is specified. 
00 
~ = J 
_00 
au - oG G - - u-
an an n=O 
(D15) 
Sprieter and Alksne [Ref. 10] in their derivation delineate 
the advantages for integrating the surface integral over R 
by parts as was done in arriving at Eq. (D14). The advantages 
are important enough that they are reiterated here. First, 
the double integral of Eq. (D13) shows a very strong influence 
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of the velocities in the region immediately surrounding the 
point P since they are multiplied by 1n(R). This influence 
is},largely'nullified in the double integral of Eq. (014) 
because part of the region has a negative influence and part 
has a positive influence. The predominant influence in the 
latter case is furnished by the term ~ 'U2 standing outside 
the integral. Next, the contribution of distant regions 
is diminished in importance in the double integral of 
Eq. (Dl4) since their influence varies inversely with the 
square of the distance, rather than with the logarithm in 
Eq. (011). A further advantage is that the value of the 
double integral of Eq. (014) is continuous through a shock 
wave rather than discontinuous as is the case with Eq. (013). 
Lastly, a point of great importance in the approximate 
solution arises from the fact that the integration by parts 
provides extra terms (those containing j u2) in the 
integrals along the shock surface S which combine with those 
already present in such a manner that the contribution of 
these integrals becomes very small when the shock wave 
approaches a normal wave, as is usually the case at high 
subsonic speeds. 
Therefore, u must satisfy Eq. (014) where UL is given 
by Eq. (015) and the shock relationship Eq. (016), which is 




In the case of a specified symmetric wall shape, Eq. (014) 
can be considerably simplified as it permits the introduction 
of the bound~ry conditions which are specified at the outset 
of the problem, Eqs. (D17a) and (Dl7b), into the integral 
over the wall surface. 
u(x,O) = uLw = KNOWN (D17a) 
and 
dV 
-= , (D17b) 
at 
where Z represents the reduced ordinate of the surface, and 





Substituting the relationships of Eqs. (Dl7a) and (Dl7b) into 
Eq. (015) completely determines at the outset of the analysis 




2. SIMPLIFICATION AND APPROXIMATE SOLUTION OF THE 
INTEGRAL EQUATION FOR TRANSONIC FLOW 
To obtain a solution to Eq. (014), some further 
assumptions must be made. They are: (a) all shock waves 
lie in a plane transverse to the beam, and (b) the shock 
waves are normal (i.e. normal to the local flow direction). 
These two assumptions reduce Eq. (016) to an expression, 
Eq. (D20), which permits an advantageous introduction into 
Eq. (Dl4) to eliminate the integral over the shock S, Eq. (021). 
(- 1 -2) u-- u 2 a (
- 1 -2) 
= u-"2 u b 
(- 1 -2) u -2 U b 
(020) 
1 2 1 0000 -2 "I 2 r 1 
= 11- (x,y) + - (- -) + - f f .!L ~ 1n(-) dnd~ 
.J,., '2 u x,y 21T -000 2 a~.c:; r 2 (021) 
Equation (021) will be used as the basis for obtaining 
the velocity distribution on the bounding streamtube. 
Approximate solutions of this equation are obtained numerically 
by starting with an assumed velocity distribution and 
iterating until convergence is obtained. If mixed flow 
exists, the initial velocity distribution must include a 




Due to the double integral in Eq. (021), an iteration 
process would be cumbersome unless it could be reduced to 
a single integral by introducing suitable approximations. 
Oswatitsch [Refs. 35 and 36] has shown that approximate 
knowledge of the velocity distribution in the vicinity of 
the surface can be expressed in terms of the local coor-
dinate y, the ordinates of the wall shape Z(x) , and the 
desired but unknown velocity distribution uw(X',O) on the 
surface. This permits the reduction of the double integral 
to a single integral. 
Oswatitsch has considered such an approximate relation 
in which the velocity u(x,y) starts from the value uw(x,O) 
at the surface with an initial rate of change given by the 
irrotationality condition, Eq. (022), and vanishing at large 
distances as 1/y2. 
aul = dV 
ay w dX w 
(D22) 
The resulting relation takes the following form: 
(023) 
= (1 + (y-y )/b)2 
o 
where b is a function of x satisfying the irrotationality 
condition at y = y. Solving for b using the boundary 
o 







= - d 2Z/dx2 (D24) 
Substituting Eq. (D23) into the double integral of Eq. (D2l), 
integrating with respect to n and setting y= Yo results in 
a simplified integral equation for calculating ~(x,O). 




CX) u; (~, 0) 
E (K ~ x) I = f d~ (D26) b 
-00 
and the function E is: 
s;-x 4 'J1'1 I 2 4 E,( b) = E(X) = --'''''!!!'2-' ~5[2 X (5 -lOX +X ) -
(1 + X ) 
Although I is a function of U
w 
and is:unknown,it is informative 
to rewrite Eq. (D25) by solving for U
w 
in terms of I and ~, 
thus: 




L = 2~w - 1 
a known function since uLw is known once the wall shape is 
specified. It should be noted from Eq. (D27) that the 
discriminant must always be positive in order to obtain real 
values for u , thus I > L. Furthermore, the choice of the 
w -
plus or minus sign determines whether the local velocities 
are subsonic or supersonic. A change in sign at a point 
where the radical is zero corresponds to a smooth transition 
through the sonic speed. A change in sign at a point where 
the radical is not zero corresponds to a discontinuous 'jump 
in velocity, namely, a normal shock from supersonic to sub-
sonic flow when progressing in the flow direction. A dis-
continuity in the reverse direction is inadmissable since 
it corresponds to an expansion shock, an impossible phenomenon 
which violates the second law of thermodynamics. 
3. COMPUTATIONAL TECHNIQUE 
In this section, a brief description of the computational 
technique used to solve Eq. (D25) will be presented. Sprieter 
and Alksne [Ref. 10] describes in great detail how a judicious 
selection of the initial velocity distribution, depending 
upon the surface shape and flow configuration (i.e. entirely 
subsonic flow or mixed flow with possible shocks), is essen-





will be assumed for the following discussion, therefore, 
that a judiciously selected velocity distribution is known • 
The method of solution is as follows: 
a. From the known surface shape in normalized coor-
dinates Z, calculate its first two derivatives with respect 
to the normalized flow coordinate Xi that is, dZ/dx and 
d 2Z/dx2 • Since the normalization depends upon the freestream 
Mach number, which is unknown, the value of~, Eq. (018), 
will be a parameter in the iteration technique. 
b. Calculate the linear wall velocity uLW(X,O) from 
Eq. (019). As ~ does not depend on~, it can be taken 
outside of the integral of Eq. (019) giving an expression 
directly proportional to the parameter T. 
(028) 
where WLW(x,O) is a function of only the position x and is 
fixed once the surface shape is specified. The quantity 
L follows immediately from Eq. (027). 
c. Assume an initial value of T consistent with the 
velocity distribution and calculate b(x) from Eq. (024). 
d. Since b(x) is now known and an initial wall velocity 
~(x,O) has been selected, Eq. (026) can be integrated 
numerically to get I. 
e. The I function calculated for the initial value of 
T is graphed. ~ is then varied in the L function until 
the two curves are tangent at, at least, one point (i.e. 
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I-L = 0). As was stated earlier, I ~ L at all points x 
along the surface for the velocity to be real. 
f. Using the L function that satisfies the tangency 
requirement, a new approximation to the solution is obtained 
from Eq. (027), where the sign chosen for the radical is 
important. 
g. The iteration procedure continues with the new 
uw(x,O) and T until both quantities converge to a solution. 
h. Once a solution is obtained, the freestream Mach 
number for a given flow condition is calculated from 





HODOGRAPH TECHNIQUES FOR TRANSONIC FLOW 
The hodograph plane represents a coordinate transfor-
mation in which the velocity components are the independent 
variables. Spatial coordinates x and y are replaced by 
velocity components il and ~i that is, the physical coordi-
nates are represented by x(u,~) and y(u,v) [Ref. 26]. This 
coordinate transformation is convenient because it enables 
the simple presentation of data or solutions and, more 
importantly, it linearizes the two-dimensional planar tran-
sonic flow equation that is nonlinear in the physical plane. 
This equation is known as the Tricomi or Tricomi-Euler Equa-
tion. Boundary conditions are difficult to satisfy [Ref. 15]. 
The small perturbation transonic equation without heat 
addition can be written as: 
(1_M2)dU' + dV' M2(y+l)u'~U: 
. 00 axr ayr = 00 aX 
where for irrotational flow 
dU' dV'_ 
dY' - axr - 0 







~-~= 0 (E4) 
av' au' 
Eqs. (E3) and (E4) are the linear transonic hodograph 
equations. 
As is mentioned in the introduction, the linearized 
small perturbation equations for supersonic flow are hyper-
bolic and those for subsonic flow are elliptic. The 
transonic hodograph equations change from elliptic to 
hyperbolic when the coefficient of ay'/av' changes sign: 
(ES) . 
The critical velocity, where the change of sign occurs, 







Therefore, for u' < u'*, Eq. (E3) is elliptic, and when 
u' > u'*, it is hyperbolic. The features of transonic flow 
are captured by the transonic hodograph equations. Since 
the flow occuring in the external region and on the bounding 
streamtube is considered to be isentropic two-dimensional 
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and planar, the hodograph method gives a conceptual idea of 
what the resulting flow configuration should be over an 
infinite wedge of prescribed shape. 
Guderley and Yoshihara [Ref. 15] use the flow angle e 
and n, defined in Eq. (E7), as the independent variables. 
n = (1'+1)1/3 «w-w*) /w*) (E7) 
where 'w = ju2 + v 2 ·• With this selection of independent 
variables, the streamfunction in the hodograph plane is: 
Wnn - n Wee = 0 (E8) 
and the velocity potential function is: 
The formulation is for a flow with constant stagnation 
temperature and, hence, can be applied to the solution for 
the bounding streamtube. For flow over a wedge, Guderley 
and Yoshihara found a steady solution for Moo precisely unity. 
Fig. lEa shows the flow over the bounding streamtube 
in the physical plane. Points A, B, C, D, and E are shown 
mapped in the hodograph plane, Fig. lEb. A limiting Mach 
line is shown in the physical plane. Any characteristic in 
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line can interact with the sonic line. Any characteristic 
downstream of the limiting Mach line does not interact with 
the sonic line, and, hence, the flow is not affected by the 
subsonic flow upstream of the sonic line • 
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APPENDIX F 
DERIVATION OF THE SLUING RATES NECESSARY TO 
PRECLUDE SIGNIFICANT PHASE DISTORTIONS IN 
A LASER BEAM AT MACH 1.0 
When the phase difference between two points in a laser 
beam is greater than a quarter of a wavelength, the deviation 
of the beam from its original direction is sufficient to 
cause considerable distortion. The range of laser sluing 
rates necessary to prevent such phase distortions and, hence, 
to preclude defocusing of the beam at Mach 1.0 is derived. 
Consider a laser beam that is slued as shown in Fig. "1. 
The Mach number of the air relative to the beam varies along 
the beam as: 
M = £ = Q!: (Fl) 
a a 
All Mach number regimes occur along the beam. If L repre-
sents the radial distance between two stations on the beam 
where the Mach numbers are Ml and M2 , it can be determined 
from Eq. (Fl) that L is equal to: 
(F2) 
The number of waves (N) of laser radiation in the region 
of length L is given by: 
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L n~L 
N=X= c ' (F3) 
where A is the wavelength of the laser beam and is equal 
to nv/c. v (radians sec- l ) is the laser frequency equal 
to approximately 2 x 1013 Hertz for a CO2 laser, and c(m 
sec-l ) is the speed of light. Therefore, the change in the 
number of waves in the beam length L, due to a change in 
the index of refraction, is obtained by differe.ntiating 
Eq. (F3). 
dN = ~ 
c 
(F4) 
The change in the refractive index is related to the 
density perturbations in the beam, a known quantity, through 
the Gladstone-Dale Law [Ref. 37], a simplified version of 
the Lorentz-Lorenz Law for gases with n = 1, Eq. (F5): 
n = 1 + kp , (F5) 
where k is the Gladstone-Dale constant which is approximately 
equal to 2.25 x 10-4 m1kgm for air with wavelengths beyond 
the near infrared (A > l~). Differentiating Eq. (F5) and 
substituting it and Eq. (F2) into Eq. (F4), the desired 
expression for the change in the number of waves is obtained 
as: 




It is of interest to d~termine the range of sluing 
rates for which the change in the number of waves is less 
than a quarter of a wavelength at Mach 1.0 from Eq. (F7): 
( -. -.) PMax - PMin • (F7) 
where PMax is the maximum positive density perturbation 
and PMin is the minimum (maximum negative) density perturba-
tion in the beam at Mach 1.0, points A and B in Fig. 11, 
respectively. As an example, using M2 = 1.001, Ml = 0.999, 
the flow properties in Table I, and the maximum difference 
in the density perturbations at Mach 1.0 from Fig. 11 of 




SUBSONIC AND SUPERSONIC THERMAL BLOOMING 
AND COMPUTER PROGRAM (BLOOM) 
Tsien and Beilock [Ref. 38] have obtained solutions for 
the linearized equations of motion with heat addition for 
subsonic and supersonic flow. The solutions are for a line 
heat source q in a uniform, two-dimensional planar flow 
which can be considered to be a perturbation on an initially 
one-dimensional flow. 
In 1971 and 1972 studies were conducted at NPS by Fuhs 
[Ref. 39] on the applicatin of external heat to the reduction 
of drag. These studies required thorough analysis of heat 
addition in both subsonic and supersonic flows. The analysis 
of the flow with heat addition found two other applications. 
One application\was external burning assisted projectile. This 
application was studied by CDR. W. J. H. Smithey [Ref. 40]. 
The other application was recognized by Fuhs [Ref. 4]; this 
involves the density inhomogeneity arising from quantum 
inefficiency. Professors Biblarz and Fuhs [Ref. 5] developed 
the capability and extended the analysis to predict density 
inhomogeneity in a large gas dynamic laser; see the paper 
by Fuhs, Biblarz, Cawthra and Campbell [Ref. 6] for details 
of the experiment. Subsequent to the application of linear-
ized solutions to flow internal to a laser, it became apparent 
that the analysis could predict flow properties in thermal 
blooming. In a series of papers and presentations, Fuhs, 
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Biblarz, Burden and Carey [Refs. 7, 8 and 41-43] developed 
the appropriate analysis for linearized thermal blooming. 
1. SUBSONIC FLOW WITH HEAT ADDITION 
The perturbations to the flow [Ref. 38] are given by: 













x (y-l) g a{y) = 
2'ITa 3(3p (x2 + S2y2) 3 
I (x) 
co 00 Mooaoo pco 
(G4) 
where the symbols are defined in the list of symbols and 
(3 = Ii - M2 for subsonic Mach numbers. The second term in 
Eq. (G4) is the wake of the line heat source q. The 
temperature perturbation can be obtained from the equation 
of state. 
Biblarz and Fuhs [Ref. 6] in applying Eqs. (GI) through 
(G4) to laser internal aerodynamics have presented the 
integral equations used to solve the unbounded heat release 
region problem (i.e. subsonic thermal blooming) and are 
listed below for completeness. Since the heat source is 
volume distributed, instead of a single infinitesimal rod, 
an integral representation was used to account for all 
contributions to the flow properties over the volume. The 
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The heat quantity h(x,y) is related to the laser output 
intensity through the kinetic lag that may be present. To 
develop an equation incorporating the lag between laser 
energy and heating, it is necessary to examine the kinetics 
of relaxation. An exponential function describes the 
relaxation with a relaxation time T [Refs. 44 and 451. The 
heat release function is given by: 
x 
h(x,y) = loa f 
-co 
f (x' , y) exp [ - (x u- ~ , ) ] dx ' 
co 
(G9) 
where Q = loa f(x,y) is the laser energy per time per 
volume. The volume can be interpreted as an area times the 
span of the heat addition zone across the planar flow. 
If significant variations of beam intensity in the radial 
(beam) direction exist, the two-dimensional heat addition 
function can be approximated from the three-dimensional 
h(x,y,r) by an average: 
r i +l 
h(x,y) = JL J h(x,y,r) dr 6r r. 
~ 
(GlO) 
where Ar = r i +l - r i • The beam is divided into segments 6,r 
in length and Eqs. (GS) through (G8) are solved for each 
segment. 
If the heat release h(x,y) is constant, the equations 
can be integrated in closed form. The resulting integrals 
are: 
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(y-l) I a 
if = 2vyp S~ N(x,y~;,n,S) 
ex) ex) 














The first term in Eqs. (Ga) and (G14) correspond to the 
density perturbations in regions outside the wake and the 
last term represents the contribution of the wake and can 
be interpreted as the consequence of the heat convected 
along the streamlines by the flow. 
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2. SUPERSONIC FLOW WITH HEAT ADDITION 
The perturbations to the flow are also formulated by 
Tsein and Beilock [Ref. 38] as: 
lil = 
(:x- l ) 9 







-. p = 
(y-l) Mcoq 
2aco apco 
o (x - l3y) (G17) 
p' 
(y-1) Mcoq 
<5 (x - (y-1) g <5(y) = ., ay) - I (x) 3 3 2aco apoo Mcoaoo Pco 
(G18) 
Fuhs [Refs. 4 and 39] has modified these equations into 
an integral form as: 
ii' = -
S 
v' = f 
o 
(y-l) Moo S 
-, 
= J p 2 a oo a Pco 
0 
(y-1) Mco S 
p' = f 3 2aoo apco 0 
h(~,n) sin l.l dS (Gl9) 
h(~,n) sin 1..l dS (G20) 
h(~,n) sin Y dS (G2l) 
h (t, n) sin 1..l dS 
J f h(~,n) <5(y~n) I(x-~) d~dn (G22) 
~ n 
where the symbology is the same as that used in the subsonic 




3. COMPUTER PROGRAM 
The FORTRAN computer program BLOOM, included at the end 
of this appendix, was written to compute and/or plot the flow 
perturbations (u', v', p' and p') in the subsonic and super-
(,", 
..j:' ,):.,t.) 
sonic f flow wi.th heat addition. Using a modified version of the 
computer program DIDER [Ref. 5] as a subroutine, the subsonic 
perturbation equations, Eqs. (G5) through (G9) , and the 
supersonic perturbation equations, Eqs. (G19) through (G22), 
are numerically integrated to obtain the linear thermal 
blooming solutions. The program calculates the two-
dimensional field at any cross section of the laser beam 
where the energy release distribution is known. Finite 
kinetics are incorporated as described by Eq. (G9) • 
The program (BLOOM) is versatile in that it can calculate 
the flow quantities for several subsonic and/or supersonic 
freestreamMach numbers, heat release distributions, relaxation 
rates, and freestream flow properties in a single computer run. 
Since the length of time for each individual case depends 
primarily on the size of the flow region and on the mesh that 
is superimposed upon it, time requirements must be determined 
on an individual basis. For the results presented in Figs. 4 
through 7 and Figs. 12 and 13 from the program BLOOM, the 
two-dimensional region of interest was 60 cm. square centered 
at the origin of the Gaussian heat release distribution and 
was descretized into a mesh of cells 1 cm. square for 
subsonic flow (M~ = 0.999) and into rectangular cells whose 
size is determined by the Mach angle for supersonic flow 
103 
• 
(Moo = 1.001). Supersonically, the ratio of cell height AY 
to cell length Ax is equal to tan 1.1. The subsonic results 
take approximately 25 minutes and 140 K of memory (without 
plotting subroutine CONTUR) while the supersonic results 
take approximately 3 minutes and 285 K of memory (without 
plotting routine CONTUR) to compile and execute using an 
IBM 360 computer. 
The program can also calculate constant heat release 
distributions for single and multi-pass laser beam configura-
tions with or without wall reflections and kinetics. In its 
present form, the program can not calculate supercritical 
(mixed) flows across the beam. 
A main feature of the supersonic portion of the program 
is that it sets up the characteristic lines belonging to each 
individual cell (i.e. their diagonals) and adds up the 
contributions for each flow property from the characteristics 
and, in the case of the density perturbation, from the wake 
at each cell. The calculations along the characteristics 
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SPECIFY IN,JN CONSISTENT WITH MATRIX DIMENSIONS. 
A. SUPFRSONIC FLOW (MACH NUMBER >O) 




R~WS IN THE Y-DIRECTION (J~l. 2. FROM THE NUMBER OF CELLS IN THF V-DIRECTION {JM-l', CALCULATE THE CELL WIDTH (VOEl' FROM THE KNOWN TOTAL 
V-DIMENS!ON (lHl; THAT IS: VO~l = ZH/(JM-l'. 3. DIVIDE YOEL BV THE TANGENT OF THE MACH ANGLE TO OBTAIN 
THE CELL WIDTH IN THE X-DIRFCTION (XOEll. 4. DIVIDE xnEL INTO THF TOTAL X-DIMENSION ell) TO DETER-
MINE THE NUMBER OF CELLS IN THF X-DIRECTION (1M-I). 
5. DIM~NSION (IN) SHOULD SF AT LEAST IM.l. 
SUBSONIC FLOW (MACH NUMBER < 0) 1. J~ IS EQUAL TO THE NUMBER OF ROWS IN THE Y~OrR~CTION 
JM. 2. IN EQUALS IN. 
c 





GQ.APHED ONLY TABULATEn 4ND GRAPHfD 
- SET-JFlAG=1 
- Sw::T JFl~G=2 
- SET JFlAG=3 
VELOCITY AND P~~SSURE PERTURBATIONS: TABULATEO ONLY - SET KFLAG=l GRAPHfO ONLY - SET KFLAG=2 
KFLAG=3 
PHIXX AND PHIVV: 
TABULATED AND GPAPHEO - SET KFLAG=3 
TABULATEO ONLY 
GRAPHEf) ONLY TlBULATED AND GRAPHED 
- SET lFLAG=l 
- SET LFLAG=2 





{ ~' 1= ", '--. 
c lFlAG=O 
C INPUT PHYSICAL CONSTANTS C All UNITS MUSr BE CONSISTENT TO INSUPE DIMENSIONLESS OUTPUTS. 
C THE UNITS USED FOR THESE P~RTICUlAR RU~S WERE AS fOllOWS: 
C GMA - DIMENSIONLESS 
eTA (A M B lEN T -T EMf> ERA T U R E 1 - OEG R E E S K El V IN C PA (AMBIENT PRESSURE) - KGM I MTR-SEC SQRtO 












IF (IFLAG.EQ.ll ALPHA=l.O 
REAO(5,FIRSTl 





INPUT - ZM~., J~, Zl, ZH, TAU, lID, SGM All UNITS MUST BE CONSISTENT TO INSURE DIMENSIONLESS QUTPUTS. 
THE UNITS USED FOR THESE PARTICULAR RU~S WERE AS FOllOWS: 
2MA (MACH NUMBER) - OIMENSIONlFSS JM (NUMBER OF ROWS IN THF Y-DIRECTIOMl - ~IMENSIQNlESS 
Zl (TOT~l LENGTH OF INTEREST IN X-DIRECTION) - eM 
ZH (TOT~L LENGTH OF INTEREST IN V-DIRECTION) - eM 
TAU (KINETICS) - SECONO~ lID (INTE~SITV) - WATTS / MTR SQR'D SGM (ST~~DARO DEVIATION OF GAUSSIAN BEAM) - eM 
READ (5,910,~Nn=999' ZMA,JM,ZL,ZH,TAU,ZIO,SGM 
IF (IFLAG.EQ.l) ZIO=l.O 
VOEl=ZH/( JM-l ) IF(ZMA.lT.l.0) XOEl=YDEL 
IF (ZMA.LT.l." GO Tn 200 
ZMU=ARSIN(l.O/ZMAl 
XOEl.=VDEl/TAN(ZMUl 































IF (TAU.lT.l.OE-25) GO TO 210 
XPON=XDEll (U*TAU*l 00) 
IF (XPON.GT.35.0) GO TO 210 
XlAG=l/EXP(XPJN) 
GO TO 220 
XLAG=O.O 
CONTINUf 
I MX=I M 
~ ,,-
1M WILL BE INC~EMENTEO BY ONE TO INITIALIZE CALCULATIONS IN DIOER 
IM=IM+l IF(JM.GT.JN.OR.IM.GT.INI GO TO 240 
GO TO 250 
WRITE (6,920) 
CONTINUE 
CALL OlDER (I~ IN,IFLAGl CALL WRKR (INlf~X,JFLAG,KFlAGLFLAG) 
FORMAT('1',T50,'INPUT PARAMETERS',III) 
FORMAT (FS.611312FIO.7,2EIO.3tF7.5) 
FORMATC'l',' LLoWeD OIM=NSIONs FOR THE 




ARRAY lF~S THAN REQUIRED') 
SUBROUTINE OlDER (IN,JN,IFLAG) 
COMMON/ONE/IM,JM,BTAtlMA,~DfL,VOEL,ztntSGM 
COMMON/TWO/ACH,AWAK,XLAG,ZH,Zl 
DIMfNSION ZICIN,JN), IN AND IN CONSISTENT WITH MATRIX DIMENSIONS, 
AND XIl(t1 1 XI2(Il, ETAl(Yl j ANO ETA2CI), I EQUAL TO THE NUMBER OF CONSTANT HEAT RELEASE DJ5TR BUTIONS DESIRFO. 
DIMENSION ZY(65,65),XIl(8),XI?(8)teTAl(8~,ETA2(8),ZIR(81 
" • 
DIMENSION CHR(I~,JN), CHRX(IN,JN), CHRV(IN,JN), WAK(IN,JN1, ZlC(IN,JN) -
IN AND IN THE SAME AS ZI(IN,JNl 
COMMON/FOUR/C~~(65,65)t~H~X{65,65),CHRY(65,65),WAK(65,651,ZICC65,6 





(' .. ... If 
IB**ZI11*IGMA-l.0)*C/(6.28318*BTA' 
IF (IFLAG.EQ.l' GO TO 15 
I' '() 
.-. 









DO 5 l=l,IM 






00 10 I=2,lM 
DO 10 J=l JM 
VV=(J-l'*VOEl 
XX=(1-2,*XOEl S=(IXX-Xll**2t(YY-Vll**2'/(2.0*SGM**Z) 
If(S.GT.35.0) GO TO 10 
ZI(I,Jl=ZIO*XlIO/EXP(S) 
10 CONT INLJE 






FILL IN ENEPGY DENSITY (CONSTANT HEAT RElEA~E DISTRIBUTION) 
INPUT ZIRII) - ~ATTS / MTR SQR'O-CM FOR EACH CONSTANT HEAT RELEASE OISTRI8UTIO~ (I). ALL UNITS ~UST BE CJNSISTENT TO INSURE DIMEN-
SIONLESS OUTPUTS. 
READ (5,400) (ZIR(I"I=l,Sl 
DO 20 1=3,23 
DO 20 J=2,11 
ZICI,J)=ZIR(11 
CONTINUE 
00 22 1=11,15 
00 22 J=9 10 
lI( I, J) =ziru 2' 
CONTINUE 
DO 24 1=26,46 
DO 24 J=2117 ZI(I,Jl=ZlR(3l 
CONTINUF. 
DO 26 I=34,38 
DO 26 J=9 10 ZIII 1J,=ziR(4) CONT NUE 















00 28 J=20,35 
ZI(I,Jl=ZIR(5' 
28 CONTINUE 
on 30 1=11,15 
00 30 J=21.J?8 
ZICI,Jl=ZIH(6) 
30 CONTINUE 
on 32 t=1.6,46 
00 32 J=20,35 
Zt(1,J'=ZIR(1) 
32 CONT MUE 
00 34 1=34,38 




ZEROIZE COMPUTATIONAL MATRICES AND CALCULATE HEAT RELEASE FROM 
KINETICS. 
45 on 50 J = 1 , JM 
ZIC(l,J'=O.O WAK(l,J)=O.O 
00 50 1=2 1M 
lIC(I,Jl=O.O 
WAK(I,J)=O.O 
CHR(I,Jl=O.O C H~ X ( ,J 1 =0.0 
C H RY ( 1 , J) = O. 0 
ZIC(J,Jl=ZIf(I-1,J'*XLAG + ZI(I,J) WAK(I,J'=WAKCI-l,J) + (ZIC(I,J)+ZIC1I-l,Jl'/2 
50 CONTINUE 
COMPUTE WAKf:: rt=~M OF DENSITY PERTUR8ATIO~. 
00 60 J=l, JM 
00 60 1=2,IM 
60 WAK(I,Jl=AWAK*WAK(I,J) 
IF(IFLAG.EQ.l1 GO TO 200 
IF(ZMA.lT.l.O' GO TO 110 
c C CALCULATE CONTRIBUTIONS FROM CHARACTERISTICS FOR SUPERSONIC FLOW. 
e DO 100 I=2,IM 









( .. \ .. .. 
L=L-l 
JR=JR-l IF(JP.LT.l) GJ Tn 10 CHRX(I,J'=CHR((I,Jl+ACH*(ZIC(L,JP)+ZIC(l+1,JR+l))/2.0 
70 Jl=Jl+l IF (Jl.GT.JM, Gn TO 80 CHRV(I,J,=CHRV(I,Jl+ACH*(ZIC(L,Jl'+ZIC(L+l,Jl-ll'/2.0 
80 CONTINUE 




c C CALCULATE CONTRIBUTIONS FROM SOUPCE TERMS FOR SURSONIC FLOW. 
e 
110 00 150 I=2,IM 
DO 150 J=l,JM 
IIl=MAXO(2,Y;"151 
II2=MINO(IM,I+I5) 
DO 150 11=111,112 
DO 150 JJ=l J~ IF(II.EQ.l;.AND.(JJ.F.Q.J») GO TO 150 
UX=(I-IIl*XDEL 
UY=(JJ-Jl*VOEL*BTA CHR(I,J,=CHR(I,Jl-CI(UX,UY,*ZIC(II,JJ' 




C CALCULATE CONTRIBUTIONS FROM snUPCE AND WAKE TERMS FOR SUBSONIC 
C FLOW WITH CONSTANT HEAT RELEASE DISTRIBUTION. 
C C INPUT THE OROINlTES nF EACH CONSTANT HEAT RFlEASE nISTRIBUTYON: 
c XII(I) A~D X12(Il IN THE X-DIRECTION - CM. 
C ETAI(I) AND ETA2tI) IN THE Y-OI~FCTION - eM. 
C A. IN THF X (FLOW) DIPFCTI0N: ~. MINIMUM VALUf OF XII(Y. IS 0.0. 
~ • M A X I MO..., VA l. tJ E 0 F X I 2 ( I) I S l L • IN THE V-DIRECTION (HEAT DIST~IBUTION ABOVE CENTERlINF): 
l. MIMIMUM VAlUf OF ETAl(I) IS 0.0. 
~. MAXIMUM VALUE OF ETA2(I) IS ZH/2. IN THE Y-DIRECTION (HEAT DISTRIBUTION BELOW C~NTERlINE1: 




















? MAXIMUM VALU~ OF ETA2(I' IS 0.0. D. IN THE V-DIRECTION (HEAT DIST~ IBUTION ACROSS CENTERLINE) 
1. MINIMUM VALUE OF ETAt(I) IS -lH/2. 2. MlXIMUM VALUE OF ETA2(1) IS lH/2. 
READ (5,4101 (Xll(I),XI2(Il,fTA1(Il,FTA2(y),t=1,81 
DO 300 K=l 8 
00 250 I=2!IM 
DO 250 J=l,JM 
UX=XOEl*(I-2' UV=(ZH/2.0-VDEL*(J-ll' 
on 250 IMf=1,5 
IMG=IMF-3 . CHRCI,J'=CHRCI,Jl+F«UX-XI2(K)1,CUY-C-1,**IMG*ETAl(K'+I MG*ZH1*STA , 
lZIRCK)-f(UX-XIZ(K) (UV-(-l'**IMG*ETA2(K'+IMG*ZHl*BTA,ZIR(K1I-F 2(CUX-XIl(K'),CUV-C-ll'*IMG*ETAlCK)+IMG*ZH1*STA,ZIR(Kll+F(UX-XIl(K 





00 350 I=2,IM 
00 350 J=l,JM CHRX(I,Jl=-CHR(I,J) 
~50 CONTINUE 
400 FORMAT (4E12.2) 




SUBROUTINE WRKR (IN IMX,JFlAG,KFlAG,lFlAGl CCMMON/ONE/IMtJ~,8Tl,ZMA,XOEl,VOEL,ZIO,SGM 
COMMON/THREE/GMA,TA,PA,U,ARHO,TAU 
I 
DIMENSION CHR(I~,JN)l CHRX(IN,JN), CHRVCIN,JN), WAK(IN,JN}, ZIC(IN,JN) -







... .l.r .. ,:) 
• l 
C SEE LISTING OF SUBP.OUTINE CONTUR FOR INFOPMATIO~ ON TITlE(121, LTG(3), 
C CLIS) AND OTHER PERTINENT PARAMETERS. 
C . 
IF (IflAG.FQ.l) GO TO 10 
c 
RFAL*8 TITlE(12),TlINF1(6,6)/' ',I I't'SODENSIT','V C 
1 ONTOU' , 'R S ' , ' , , ' • , ' IS' , • OP P. ~ S SUR' , 'F C 
20NTOU','RS ',' ',I ','U PERTUR','BATION V','ELO 3CITV ','CONTOU~S',' ',I ',IV PERTUR','BATION V.,'~lO 
4CITY','CONTOURS'," ',' ',' It' ',' P 5HIXX' , • • 't' I, I , • -,'PHIV 6 V V ' , I ) , , I , I , T LIN E 2 ( 5 ) I I HE A T I , I IN PUT -, t' G A U 
1SSIA','N It' MACH 'I GO TO 20 . 
10 REAL*8 TtTlE(12':TlINE=1(6,6)/' ',' Y','SOOENSIT't'Y C 
IDNTOU','RS " ',' I,' IS','OPRESSUR','e C 
20NTOU', IRS ',' I,' ',au PERTtJR','Sa.TION V','ElO 
3CITV 1,'CONTnURS',' ',I ,,'V PERTUR','BATION V't't:=lO 
4CITV','CONTOURS',' ',' ',' I,' ',' P 5HIXX ',1 't' ",. I,' , 1 ','PHIY 
6VY ',I) ',' '/ t TLINE2(5)" H~AT"t INPUT _I,' CON 7STAN','T -,' MACH 'I 
20 lOGICAL*1 lTG(3)/.TRU~.t.TRUF.l.TRUE.1 










I MXX= I M-2 
JMX=JM-1 
DO 50 1=1,5 
J=I+6 50 TITlE(J)=TlINE2(I) 
CAll REREAD 
READ (5950) AMA 
READ (9Q,960) TITlEt12) 
C ZIC GIVES DENSITY PERTURBATIO~S 
C 
DO 100 I=2,IM 
00 100 J=I,JM 100 ZIC(I-1,Jl=1.OE+06*(ARHO*CHR(I,J)-WAK(1,J») 
IF (IFlAG.EQ.l' JLl=JM 



























IF (JFlAG.EQ.2) GO TG 140 
IFtZMA.lT.1.01 GO TO 110 
WRITE (6,900) ZM~ 
GO TO 120 
IF (IFlAG.EQ.l) GO TO 115 
WRITE (6,901) Z~A 
GO TO 120 WRITE (6,902) ZMA 
WRITE (6,910, TAU . 
WRITE (6,920) IMX,JM 
WRITE (6,930) 
0(' 130 I=I,IMX 
WRITF (6,940) (ZIC(I,Jl,J=I,Jll1 
IF (JFLAG.EQ.1) GO Tn 160 
• 
" 
DO 150 1=1,6 
TITLE(Il=TlINEl(I,l) CALL CONTUR (ZIC,IMX,JM,IN,CL,-8,TITLE,6,6,lTGl 
ZICGIVES PRESSURE PERTURBATIONS 
CHR GIVES X-VELOCITY PERTURBATION 
WAK GIVES V-VELOCITY PERTURBATION 
DO 200 1=2, 1M 





IF (KFLAG.EQ.Jl GO TO 260 
IF (KFLAG.EO.2) GO TO 245 
IF (JFlAG.EQ.l.nR.JFLAG.FQ.31 GO TO 222 
IF (ZMA.LT.l.0) GO TO 210 
WRITE (6 1 900l Z~A GO TO 220 
IF (IfLAG.EQ.I) GO Tn 215 
WRITE (61 901) Z~A GO TO 2?o WRITE (6,902) Z~A 
WRITE (6,910) T~U 
WRITE (6,920) IMX,JM 
WPITE (6,931) 
GO TO 224 
WRITE (6,932) 
DO 230 I = I , I M X 
WRIT~ (6,940) (ZIC(I,J),J=I,Jll) 
WRITE (6,933) 


























WR t T E (6, 934 ) 
00 240 1=1,IMX 
WRITE (6 1 940) (WAKCI 1 J),J=I,JLl' IF (KFLAG.EQ.l' GO Tn 260 
00 250 1=1,6 
\ , 
.' , 
TITLE(Il=TlTNElCt 2) CAll CONTUR (ZIC,}MX,JM,IN,Cl,-8,TITlE,6,6,LTGl 
00 252 1=1,6 
TITlE(l)=TlINEl(I 3) CAll CONTUR (CHR,fMX,JM,IN,CL,-S,TITLF,6,6,lTGl 
00 254 t=I,6 
TITLF.(I'=TLINFl(I 4) . CALL CONTUR (WAK,fMX,JM,YN,CL,-R,TITLE,6,6,lTGl 
IF (lFL AG .EQ.O) RETURN 
00 300 J=1,JM CHPX(l,Jl= CHP(2 J)-CHR(l,J) CHRX(I~X,J)= CH~lIMX,Jl-CHR(IMXX,J' 00 ~OO 1=2 IMXX . . CHPXlt~J)=lcHR(I+l,J)-CHR(I-l,J)/2.0 
CONTINUE 
on 400 1=1 IMX 
CHRYCI,1)=lwAK(I,11-WAK(I,2))/Ol 
CHRY(1,JM)=(W~K(I,JMX)-WAK(1,JM1)/OL 
on 400 J=2 JMX CHRVII,Jl=lwAK(I,J-l1-WAKCI,J+ll)/(2.0*Oll 
CONTI NUF. 
CHRX GYVES PHIXX 
CHRV GI YES PHIYV 
IF (LFlAG.EQ.21 GO TO 635 IF(JFLAG.EQ.l.~~.JFlAG.EQ.3.0R.~FlAG.EQ.l.OR.KFLAG.EQ.3) 
IF (ZMA.lT.l.0) GO TO 600 
WRITE (6,900) Z~A 
GO TO 610 
IF (IFLAG.FQ.l) GO TO 605 
WRITE (6,901) Z~A 
GO TO 610 WRITE (6,902) Z~A 
WPITE (6,910) T~U 
WR IT E (6, 920) I MX , J M 
WRITE (6,935) 
GO TO 614 WR I T E (6, 936) 
Of) 620 I=l,lMX WRITE (6,940) (CHRX(I,J),J=l,Jll) 
WRITE (6,931) 
DO 630 I=I,TMX 
'( 
'4 III 




630 WRITE (6,940) (CHRV(I,J),J=I,JLl) 
If (LFlAG.EQ.l) RFTURN 
635 DO 640 1=1,6 
(; \.' 
640 TITLE(Il=TLINEl(I,5) CAll CONTUR (CHRX,IMX,JM,IN,Cl,-8,TITlE,6,6,LTG) 
00 650 1=1,6 650 TI~LE(I)=TlIN=1(I,6) 
I/) 
CALL CONTUR (CHRY,IMX,JM,IN,Cl,-8,TITLE,6,6 1 LTG) 900 FORMAT ('\'t'130Xf'SUPERlSONIC CASE (M=',F7.,,'1 AND G~USSIAN HEAT 
lRELFASE 0 S PIBUT ON',II 901 FORMAT ('1',1130X,'SUBSONIC CASE (M=',F7.5,'1 ANn GAUSSIAN HEAT R~ 
IlFASE DISTRIBUTION',II) . 902 fORMAT "1',1130X,'SUBSONIC CASE (M=',F1.~,') AND CONSTANT HEAT RE 
llEASE DISTRIBUTION' /1) 910 FORM~T (30X,'KINFTICS (TAU='lf10.3t'1 ~NO NO WALlS',lll 9~0 FORMAT (30X,'M~TRtX: ',l~,' LOlUMNs AND ',I~,' ROWS',II) 
930 FORMAT (SOX,'TOTAL DENSITY CHANGES, TOP H~lF OF LASEP BEAM',lll 931 FORMAT (46X,'PRESSURE PERTURBATIONS, TOP HALF OF LASER BEAM',II) 
932 FORMAT (ll',45X,'PRFSSURE PERTUPBAT{ONS, TOP HALF OF LASER BEAM', 
111) 933 FORMAT ('1',45X,'U PERTURBATION VELOCITY, TOP HALF OF LASER BEAM', 
1/11 934 FORMAT ('1',45X,'V PERTURBATION VELOCITY, TOP HALF OF LASER BEAM', 
11/) 
935 FORMAT C66X,'PHIXX' II) 
936 FnRMAT "1',65X,'PHIXX',lll 9~7 FORMAT ('1',65X,'PHIVY',II) Q40 FORMAT (lX,lP13EIO.2) 
950 FORMAT (Fa.6) 
960 FORMAT (AS) 
R~TURN 
E~D 
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